INTRINSIC ULTRACONTRACTIVITY VIA CAPACITARY WIDTH
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1. INTRODUCTION

LetD be adomainiiR", n> 2. Letpp(t, X, y),t > 0, X,y € D, be the heat kernel fax — 9/t
onD,i.e.,u(t,X) = [ po(t. x.y) f(y)dyis the solution to

Au—%:o on (Q ) x D,

u=0 on(Qe)xadD,
u=f on{0}xD.

Definition 1.1 (Davies-SimonDS84). We say thaD intrinsically ultracontractive(abbrevi-
ated to 1U) if the following two conditions are satisfied:
(i) The eigenvalue problemAu = Au in D subject to the Dirichlet boundary condition
u = 0 ondD has the first eigenvalu®, > 0 with corresponding positive eigenfunction
¢p hormalized by|ep|l> = 1.
(i) Foreveryt > 0, there exist constants<Oc; < 1 < C; depending ot such that

(1.1) Ciep(X)en(Y) < po(t, X, Y) < Cipp(X)ep(y) forall x,y € D.

Remarkl.2 We can replace (i) by

(") The Dirichlet Laplacian-A has no essential spectrum; and hence the heat kernel
po(t, X, y) has eigenfunction expansion

Po(t X Y) = > e (Qpj(y),
j=0

wherely < A; < A, < -+ andyg, @1, @2, ... are eigenvalues and eigenfunctions. Here
Ap = Ap andgp = ¢p for notational convenience.

See Pav84q for further details.

We shall see that (i’) is completely characterizedcaypacitary width Roughly speaking, if
D is smallat infinity, then (i’) holds. On the other hand, (ii) isssnoothnessondition onD. It
is global, very mild and subtle and has been fascinating a number of mathematicians. This is
our main objective.

This introduction provides several known results to increase the reader’s familiarity with [U.
First, we observe that if the upper estimate bflf holds at some time, say, then so does it
afterty with exponentially decaying consta@t.

Proposition 1.3. Suppose @(to, X, ¥) < Ci,ep(X)¢p(y) for all x,y € D with someg¢ > 0. If
t > to, then

po(t, X, y) < Ce e (X)pp(y) forall x,y € D.
In other words, B(t, X,y) < Ciop(X)¢p(y) holds with G < Cy,e~e(t-%) for t > t,.
1
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Proof. Fix y € D. Itis easy to see that the functiot, X) = C, e pp(x)pp(Yy) is a caloric
function with vanishing lateral boundary values. By assumpigfto, X, y) < u(to, X) for x € D.
Hence the comparison principle atg, o) x D yields the required inequality. O

This simple observation of 1U readily yields the Cranston-McConnell inequality, or the life-
time estimate.

Proposition 1.4 (Cranston-McConnell inequality)f u is a nonnegative superharmonic func-
tionin D, then

(M) ﬁ f G(x u(y)dy < A

In the probabilistic language, rp) < A, whererp is the first exit time of the Brownian motion
and E{(7p) is the Doob’s u-conditioned expectation with respect to Brownian motion starting
from x.

00

Proof. ObserveG(x,y) = f Po(t, X, y)dt. Regardingu(x) as a time-invariant caloric function,
0
we obtain from the comparison principle that

f po(t, X, y)u(y)dy < u(x) for everyt > 0.
D

Letty > 0. We have
to to

(1.2) f dtf pD(t,x,y)u(y)dysf u(x)dt = tou(x),
0 D 0

(1.3) u(x) > fD Po(to. X, Y)U(y)dy > fD Coeo(eoM)Uy)dy

by the lower estimate ofl(1). Hence Propositiod.3and (L.3) yield

f dt f Bo(t, X Y)U(y)dy < f dt f Cae 0 (X)po (y)u(y)dy
fo D to D

S % dtf e—/lD(t—IO) pD(tO’ X, y)u(y)dy S /l_’AE\)u(X).
D

0o Jio

Adding this inequality andl(.2), we obtain the Cranston-McConnell inequality. O

Remarkl.5. Cranston-McConnellPM83] proved (CM) for a planar domain of finite area with
Abeing a multiple of the area &f. Their result is remarkable since no regularitybois needed.

In the higher dimensional case, there exists a bounded domain (and hence of finite volume) for
which (CM) fails. It is also known that there exists a planar domain of infinite area for which
(CM) holds.

The eigenfunction expansion of the heat kernel yields very precise estimates far lafje
In particular, we see that the upper estimatelof)(automatically implies the lower estimate.
In the following lemma, we writely and ¢q for Ap and ¢p, respectively for the notational
convenience.

Proposition 1.6. Let 1y < 43 < 1, < --- be eigenvalues forAu = 0in D and u= 0 onoD and
let ¢o, 1, @2, ... be corresponding eigenfunctions normaliziggl|, = 1. Moreover letyy > 0
onD.
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(i) po(t,x.y) = > € o(X)e;(y).
i=0
(i) Y et < Ae 9 for t > to with A, = f Po(to, X, X)dX.
j=0 D

Moreover, if p(to, X, X) < C,¢0(X)? for every xe D (in particular, if D is 1U), then the following
hold:

QDj(X) 2 & )
iii <celforj=1,2,....
( ) ‘QDO(X) 0 J
ot
(iv) ‘w - 1| < Cue -t for t > 3t

@o(X)eo(y)
(v) For eache > 0 there exists(k) > 0 such that

(1 - e)ego(Xeo(y) < Po(t, x.Y) < (1+e)e % po(X)poly) for t > t(e).

Proof. We have (i) by an eigenfunction expansiont ¥ ty, then by (i)

A, = pr(to, X, X)dx = fz e iy (x)%dx = Z g it > Z glit-lo)=4it > ghilt-to) Z et
=0 =0 = =

which shows (ii). Now supposgs(to, X, X) < ¢,e0(X)2. Then, by (i),

Copo(¥)? = Polte, X, X) = D €710p;(x)? > el (x)?,
j=0
which gives (iii). Observe from (i) that

M_ _N (Ao—,ij)t‘:pj(x)%(y)
w0deoly) ,Z‘ T ey

If t > to, then, from (iii), the right hand side is bounded in modulus by
Z glo-ttg, elito = ¢, glo! Z e it10)/2g4i(t10)/2 < ¢ grhotgali-to)/2 Z e it-1)/2,
=1 j=1 ji=1

By (ii) the last summation is not greater thage 1(-)/2-l jf (t — t5)/2 > to, i.e.,t > 3.
These observations altogether yield

e pp(t, x.Y) . o
—_ ¥ 1 < CtOAIOe/loteﬂltoe Ax(t-to) — CtOA[OeZ/llIoe (A1 /lo)t’
@o(X)eo(y)
i i ; e pD(t’ X, y) . .
which shows (iv). It follows from (iv) thatw = 1+ 0o(1) ast — oo, which readily
Yol X)po
implies (v). 0

2. MAIN RESULTS

Let us now state our results. Se&K] for details.
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2.1. General suficiency with Green function.

Definition 2.1. Let 0 < < 1. For an open sdd we define theapacitary width v(D) by
Capya (B, D\ D)
Capyon(B(x 1))

Theorem 2.2. The first eigenvalugp satisfies
A—l

—— < Ap £ ——,
w,(D)2 = "° = w,(D)?

where A> 1 depends only op and n. In particular, there is no essential spectrum-ofif and
only if limg_,. w,(D \ B(O,R)) = 0.

Remark2.3. The first eigenvalue, or the principal frequency, is a fascinating subject drawing
a lot of attention. For instance, the relationship between the principal frequency and the vol-
ume is known as the Faber-Krahn inequality. In the complex analysis, it is estimated by the
inradius for a simply connected domain. Very precise estimates are known under geometrical
assumptions o. The above estimate holds for arbitrary domains. Surprisingly enough, such
an estimate has not known until Maz'ya-Shulditg05 proved the essentially same inequality
with a different quantity (the dual of;,(D)). We prove the theorem by a rather easy parabolic
argument, inspired by Soupletpu0qQ.

w,(D) = inf{r>0:

for all x e D}.

We proved the scale-invariant boundary Harnack principle, or local boundary Harnack prin-
ciple (LBHP) for a uniform domain in4ik01]. The following estimate of harmonic measure
played a crucial role.

Proposition 2.4. By w*(E, D) we denote the harmonic measure of E in D, evaluated at x. Let
D be an open set, ® D and R> 0. Then

AR ),

(D N 3B(x R), DN B(X R) < Agexp( - w,(D)

where positive constants and A; depend only oy and n.
Proposition2.4 has a parabolic counterpart.

Proposition 2.5. Let At, x, D) = fD Po(t, X, y)dy. There exist positive constamts and Az de-
pending only om and n such that

Agt
w,(D)?

The above propositions show similarity between an elliptic problem and parabolic prob-
lem. With the aid of Propositior2.4, we (JAikO1]) developed the box argument, which is
a combination of careful decomposition of the domain and repeated application of the maxi-
mum principle. It was inspired by Bass-BurdZyg§92]. With the aid of Propositior2.5, we
have a parabolic counterpart, which may be referred to@aabolic box argumentWe can
give general stlicient conditions in terms of capacitary width for IU and the global bound-
ary Harnack principle (GBHP) in a unified fashion. Fdix) > 0 onD andt > 0 we write
w,(f <t) =w,({xe D: f(x) <t}).

P, x,D) < A exp( -

) forallt > 0and xe D.

Theorem 2.6.Let g= G(-, Xg) with Xy € D.
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1
(i) Iff w,(g < t)szt < co,then Dis IU.
e dt
(i) If fo w,(g < t)T < o0, then D satisfies the GBHP.

2.2. Geometrical suficient conditions. Theorems2.6 yields many sfficient conditions for
IU and the GBHP. Definguasihyperbolic metricd(x, y) by

ds
kp (X, :inff— for x,y € D,
oY) =10 | 5oty Y

where the infimum is taken over all rectifiable curgesonnectingx andy in D; y is parame-
terized agy(s), 0 < s < {(y), by arc lengths with £(y) being the length of. If his a positive
harmonic function irD, then
exp-Ako(Y) < 10 <
whereA > 0 depends only on. In particular,
{xe D:g(x) <t} c{xeD:kp(xx) > Alog(1/t)}.
The change of variable= Alog(1/t) gives

exp(Ako(x,y)) for x,y € D,

Corollary 2.7. The following statements hold:

(i) Iff W, (Ko (-, Xo) > 9)?ds< oo, then D is IU.
0

(i) If f W, (Ko (-, Xo) > S)ds < oo, then D satisfies the GBHP.
0
Let @(t) be a positive nondecreasing continuous function>e0 with ®(0) = 0 and let
L*(D) = {f : fcp(|f(x)|)dx< oo
D

If ®(t) = tP, thenL®(D) = LP(D).

Theorem 2.8. The following statements hold.

(i) Letn= 2. Iflog,(1/g) € LY(D), then Dis IU.
(i) Letn> 3. Suppose

<t \2/(n-2)
(2.1) fl(@) dt < oo.

If log, (1/g) € L*(D), then D is IU.
(i) Letn> 2. Suppose

© ot V-
(2.2) fl ((D—(t)) dt < oo

If log, (1/g) € L*(D), then D satisfies the GBHP.

Remark2.9, () Letn > 3. Typical examples ob(t) satisfying @.1) are®(t) = tP with
p > n/2 and®(t) = t"2log®(e + t) with @ > (n — 2)/2. See Cip94, Theorem 3].
(i) Letn > 2. Typical examples of(t) satisfying €.2) ared(t) = tP with p > n and
d(t) = t"log*(e+t) witha > n-1.
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Corollary 2.10. The following statements hold.

(i) Letn= 2. If kp(-, Xo) € LY(D), then D is IU.
(i) Let n> 3 and suppos® satisfieg2.1). If kp(-, Xo) € L®(D), then D is IU (cf.[Cip94,
Theorem 6}.
(iii) Letn> 2and suppose satisfieq2.2). If kp(:, Xo) € L®(D), then D satisfies the GBHP.

Remark2.11 The suficient conditions for the GBHP in Theore?8 and Corollary2.10are
new even ifd(t) = tP with p > n.

Let us consider families of domains defined by conditions in terms of the quasihyperbolic
metric.

Definition 2.12. We say thatD satisfies the quasihyperbolic boundary condition of okder

(QHB (a)) if

ko(x, Xo) < A( 55'1(();0))

for @ > 0. We say thabD satisfies the QHB (0) if
op(Xo)
op(X)
We say thaD satisfies the QHB®) condition if
op(Xo)
op(X)

Definition 2.13. Let 0 < rg < o. We say thatD satisfies the capacity density condition
(abbreviated to CDC) up tg if there exists positive constantsuch that

Ca&s(X,Zr)(B(X’ r) \ D) >
Capyx2n(B(X.1))

wheneverx € 9D and O< r < ro. We simply say thab satisfies the CDC if it satisfies the CDC
up torg for somerg > 0.

Theorem A ([Ban91] and [Aik09]). Suppose D satisfies the CDC.

(i) If D satisfies the QHBY) with0 < a < 2, then D is IU.
(ii) If D satisfies the QHBY) with 0 < a < 1, then the GBHP holds.

Theorem 2.14.Suppose D satisfies the CDC and the Q#EB(
0] Iff CD(t)(t]l—s,t < oo, then Dis IU.
1

)Q+A’ forall xe D

+ A forallxeD

ko(X, %o) < Alog

ko (X, Xo) < (D( ) for all x e D.

.. « t L
(i) If f <I>(t)(t]|—2 < o0, then D satisfies the GBHP.
1

Remark2.15 (i) Typical examples ofb(t) satisfying (i) ared(t) = t* with @ < 2 and
O(t) = t?log (e + t) with @ > 1. See Bai91, Corollary 2.8].
(i) Typical examples ob(t) satisfying (ii) ared(t) = t* with @ < 1 and®(t) = tlog *(e+t)
with a > 1.

Davis [Dav9] and Bass-BurdzygBB92] studied IU for domains above the graph of a func-
tion. We writex = (X, X,) € R". By B'(X, R) we denote then— 1)-dimensional open ball with
center ax’ and radiuR.
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Theorem B. For a negative upper semicontinuous functid’f on B(0, R) we put
D ={(X, X)) : IX| <R, f(X) < x,<1}.
Then we have the following assertions:

() Ifn=2and fe L*(B'(0,R)), then  is IU ([Dav9l, Theorem 2).
(i) If f € LP(B'(0,R)) with p> n—1, then [} is IU ([BB92, Theorem 1.22]
(i) Ifn > 3, then there exists & LP(B'(0, R)) with p < n—1such that Q is not IlU (BB92,
Section 4).

Obviously, (i) is included in (ii). Note thaD; can be unbounded in (ii). We remark tHat
satisfies the quasihyperbolic boundary condition.

Proposition 2.16.1f f € LP(B’(0,R)) with p > 0, then D satisfies the QH&p + n— 1)/p)
condition.

It is easy to see thap(+ n—1)/p < 2 if and only if p > n— 1. Hence, under the additional
assumption of the CDC, Theordan(ii) can be derived from Theore# (i). The significance of
TheoremB (ii) is that IU follows without the CDCThis remarkable phenomenon is rooted in
[BB92, Lemma 2.4], which is reformulated analytically as an extended Harnack inequality with
exceptional sets inAik14]. The critical casg = n— 1 in TheorenB (iii) was open. Actually,
we shall show in Corollar®.21 below that there i € L"(B’(0, R)) such thatD; is not IU
in casen > 3. So, let us consider a condition sharper tliaa L"1(B’(0,R)). Let ®(t) be a
positive nondecreasing function o 0.

Theorem 2.17.Assume tha®(t)/t"! is nondecreasing and that

(2.3) f O ()Yt < co.
1
If f € L°(B'(0,R)), then D is IU.

Remark2.18 Typical examples ofb(t) satisfying @.3) are ®(t) = tP with p > n- 1 and
O(t) = t"tlog*(e+t) witha > n— 1.

Theoren2.17can be extended #0°-domains. A counterpart of Theorerl 7for the GBHP
has very diferent appearance.

Theorem C([Aik14, Theorem 1.3]) Lety(t) be a nondecreasing continuous function for ©.
Suppose that satisfiedim sup_,o ¥ (Mt)/¢(t) < M for some M> 1 and

1
f &dt<oo
o I

Then everys-Holder domain satisfies the GBHP.

Theorem 2.19.Let L > 0 and let r(t) be a positive nonincreasing L-Lipschitz function of
te[-1,),ie.,
o<r®)—r(M) <sL(T-1t) for —1<t<T < oco.
Define aninfinite funnelor a solid of rotation by
V ={(X,X,) : =00 < X, < 1, [X| < r(=xn)}.
See Figurel. Then the following statements are equivalent:
() VisIU.
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(i) V satisfies the Cranston-McConnell inequality.

(ii) f " r)dt < oo,
0

(iv) foo w, (kv (-, %o) > 9)°ds < co.
0

1
(V) fo w, (g < t)szt < oo.

Ficure 1. Infinite funnel.

Corollary 2.20. Let r(t) = (t + 3)"%. Then V satisfies the QHB(2) and yet V is not IU.

Corollary 2.21. Let n > 3and let (t) = (t + 3)*log*(t + 3) with (n-1)?! < o < 1
Then V is not IU and yet V is represented as B {(X, X,) : [X]| < r(=1), X, > f(x)} with
f e L™Y(B'(0,r(=1))).
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