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1 Introduction
Q : a bounded domain of RN (N > 1).

1.1 The Classical Convex type inequality

Lemma 1 Let u € LL (Q) s.t. Au € Li _(Q), then Alu| and Au* are Radon measures and we have

loc loc

Alu| > sgn(u)Au in D'(2), (1)
Aut > x>0 Au in D'(2), (2)

where sgn(s) =1 if s >0, =1 if s <0 and zero at s = 0 v = max|u,0].

1.2 The classical Concave type inequality
Definition 1 (Truncation) : Ty(s) : Given k > 0, we denote by Ty,:R — R a truncation function
Ti(s):=k, if s> ks, if —k<s<k;—k, if s <—k. (3)

Lemma 2 Assume that u € L _(Q), Au € LL () and u > 0 a.e. in Q. Then, for any k > 0 we have

loc loc

A(Tk(U)) < X[ogugk]Au m D/(Q), (4)
where xs(x) is a characteristic function of S C R.

Moreover, whenAw can be replaced by Apu under additional assumptions on distributional derivatives of
u € L (). Here, p-Laplace operator is defined by A,u = div (|Vu|P~2Vu).

loc

2 Main Aim

Consider a class of second order elliptic operators A including A, and establish improved Kato’s inequalities
when Au is a Radon measure. )
Au = div A(z, Vu), (5)

where A : Q x RN +— RV satisfies the following assumptions for some positive numbers c1, co and c3:
1. The function z — A(z,¢) is bounded measurable for V¢ € RV,

2. The function & — A(z,£) is continuous for a.e. z € Q,

3.
|A(,€) = Az, n)| < ca(J€] + [n))" 2 = nl, "€ meRY, ae xeQ,
4.
(A(z,€) = Az, m) - (€ = n) = c3(|€] + P2l = nf*, Ve, m € RY, ae. w € Q,
d.

Az, NE) = ANP2A(2, &),  forall A € R\ # 0.

Definition 2 ( M(Q): the space of Radon measure):
€ M()) <= For every open set w CC Q, 2C,, > 0 s.t. | [, pdu| < Cullg||Le=, for Yo € C§°(w).



3 Decomposition of Radon measures

For any p € M(Q), 1 can be uniquely decomposed as a sum of two Radon measures on € (see e.g. [6, 9]) :
= pa + fic, where

pna(A) =0 for any Borel set A C Qs.t Cp(A,Q) =0,
|| (Q\ F) =0 for some Borel set F' C Qs.t Cp(F,Q) =0.

Definition 3 (A p-capacity relative to Q) For each compact set K C (Q,
Cp(K,Q) =inf{ [, [Vl : p € C5°(Q), ¢ > 1 in some nbd of K}.

4  Definition of admissible class
Definition 4 (Admissible class in Wl (Q)) Let p* = max(1,p—1). A function u € WP (Q) is said to be

loc loc
admissible iff Au € M(Q) and there exists a sequence {u,}22; C WLP(Q) N L®(Q) s.t:
1. un — u ae in Q, un — uin WP (Q) as n — oo.

loc

2. Auy, € LL () (n=1,2,---) and

sup |Auy, |(w) = sup/ |Au,| < oo for every w CC Q. (6)
5 Some results on the admissibility
1. Ifue Wli)’cp*(Q) is admissible = u™ = max[u,0], u~ = max[—u,0], Tk(u) are admissible.

2. Tp(u) € WEP(Q) for Yk > 0. Moreover, given w CC o’ CC Q, ?C > 0 independent on u s.t

loc
[ivncor<c( [ e [ war)

3. When p=2and A=A, ue W-'(Q), Au e M(Q) = u is admissible.

loc

4. u e WyP(Q), Au € M(Q) = u is admissible.

6 Counter-example due to J.Serrin
Let Q be a unit ball B; = {x € RY : |z| < 1}, and set

N
= by + (= DT = =3 2 (o) 28 =
@iy = i (0= 1) r2’ r=lal) s jik=1 Oz (a‘j’k(x)awk> =0 (7)
2
U(z) = x1r™°, where a:];[+\/<];[_1> +N—1. -
a

Proposition 1 Assume that a > 1. Then U € Wb1(By) and BU = 0 in D'(By). But U is not admissible,
and B(U™) is not a Radon measure. (Note that Ifa>1=—= N—-1<a < N. )

7 Main results and Applications

7.1 Improved Concave type inequality

Theorem 1

Assume u € Wli’f* (Q) and u is addmissible. If u > 0 a.e. in Q, then Ap(Tx(u)) is a Radon measure for every
k>0, and
Ap(Ti(w) < (Apu) ™. (9)

[\



7.2  Application to Strong Maximum Principle

Theorem 2 Assume u € Wli)’f*(Q), u >0 a.e. and u is admissible. Then

1. There ezists a quasicontinuous function (w.r.t. Cp ) 4 : Q+— R such that u =1 a.e. in Q.

2. Assume that —Apu > 0 4n Q  in the sense of measures. If &4 = 0 on some K C Q with C,(K,Q) > 0,

then u =0 a.e. in Q.

Remark 7.1 —A,u can be replaced by —A,u + aud, where 0 < a € L}, () and ¢ > p — 1.

7.3 Convex type Kato’s inequality

Theorem 3 Let ® be a C' convex function s.t0 < & < co. Assume u € WP (Q) and w is addmissible. Then

loc
Ap®(u) = @' ()P~ (Apu)a — [|®']] =) (Dpu)s  in D'(Q).
Corollary 1
Ap(uh) = Xpuzo (Apu)a — (Apu);  in D'(Q),
Aplu| > sgn(u)(Apu)g — |Apulc in D'(Q).
Example 1 v = |z|* fora=(p—N)/(p—1) and 0 € Q.
1. u satisfies Apyu = a|aP~?cné, If p> 2 —1/N, then |Vu| € L}, () and u is addimible.

loc

2. Ap(u™) = X[uz0](Apt)d — (Apu)z inD'(82).

7.4 Inverse maximum principle
Theorem 4 ( IMP ) Assume u € I/Vlicp*(Q),u > 0 and u is admissible. Then we have

(—Apu)e >0 on Q.

Corollary 2 Assume the same assumptions in Theorem 3. Then, (—Ap(u™))e = (—Apu)F

(10)

(13)

on €.

Theorem 5 (Application of IMP) Suppose thatu is admissible. Then supp pE C {x : u = o0} for u = —A,u.

Remark 7.2 Ifu € I/Vllof (Q) is an admissible solution of of —Apu = € M(Q), then u is also  a (local)

renormalized solution of —Apu = p.

8 Existence of admissible solution
Theorem 6 Assumethat p € M(Q) and |u|(Q2) < co. Then

—Apu = p, in €,

u =0, on €.

has an  admissible solution in Wol’p*(Q).

Lemma 3 Let {un} satisfy sup,, |un|(Q) < 0o and {u,} be admissible. Assume that

_Apun = Hn, in €,

U, = 0, on .

(15)

holds for n € N. Then, up to a subsequence, u, — “u € Wol’p* () s.t. uis admissible and satisfy (14) for = p.
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