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1 Introduction
Ω : a bounded domain of RN (N ≥ 1).

1.1 The Classical Convex type inequality

　

Lemma 1 Let u ∈ L1
loc(Ω) s.t. ∆u ∈ L1

loc(Ω), then ∆|u| and ∆u+ are Radon measures and we have
∆|u| ≥ sgn(u)∆u in D′(Ω), (1)

∆u+ ≥ χ[u≥0]∆u in D′(Ω), (2)

where sgn(s) = 1 if s > 0, −1 if s < 0 and zero at s = 0 u+ = max[u, 0].

1.2 The classical Concave type inequality

Definition 1 (Truncation) : Tk(s) : Given k > 0, we denote by Tk:R → R a truncation function

Tk(s) := k, if s ≥ k;s, if −k < s < k; − k, if s ≤ −k. (3)

Lemma 2 Assume that u ∈ L1
loc(Ω), ∆u ∈ L1

loc(Ω) and u ≥ 0 a.e. in Ω. Then, for any k ≥ 0 we have
∆(Tk(u)) ≤ χ[0≤u≤k]∆u in D′(Ω), (4)

where χS(x) is a characteristic function of S ⊂ R.

Moreover, when∆u can be replaced by ∆pu under additional assumptions on distributional derivatives of
u ∈ L1

loc(Ω). Here, p-Laplace operator is defined by ∆pu = div (|∇u|p−2∇u).

2 Main Aim
Consider a class of second order elliptic operators A including ∆p and establish improved Kato’s inequalities

when Au is a Radon measure.
Au = div A(x,∇u), (5)

where A : Ω × RN 7→ RN satisfies the following assumptions for some positive numbers c1, c2 and c3:

1. The function x 7→ A(x, ξ) is bounded measurable for ∀ξ ∈ RN ,

2. The function ξ 7→ A(x, ξ) is continuous for a.e. x ∈ Ω,

3.
|A(x, ξ) − A(x, η)| ≤ c2(|ξ| + |η|)p−2|ξ − η|, ∀ξ, η ∈ RN , a.e. x ∈ Ω,

4.
(A(x, ξ) − A(x, η)) · (ξ − η) ≥ c3(|ξ| + |η|)p−2|ξ − η|2, ∀ξ, η ∈ RN , a.e. x ∈ Ω,

5.
A(x, λξ) = λ|λ|p−2A(x, ξ), for all λ ∈ R, λ 6= 0.

Definition 2 ( M(Ω): the space of Radon measure):
µ ∈ M(Ω) ⇐⇒ For every open set ω ⊂⊂ Ω, ∃Cω > 0 s.t. |

∫
Ω

ϕdµ| ≤ Cω||ϕ||L∞ , for ∀ϕ ∈ C∞
0 (ω).
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3 Decomposition of Radon measures

For any µ ∈ M(Ω), µ can be uniquely decomposed as a sum of two Radon measures on Ω (see e.g. [6, 9]) :
µ = µd + µc, where µd(A) = 0 for any Borel set A ⊂ Ω s.t Cp(A,Ω) = 0,

|µc|(Ω \ F ) = 0 for some Borel set F ⊂ Ω s.t Cp(F,Ω) = 0.

Definition 3 (A p-capacity relative to Ω) For each compact set K ⊂ Ω,
Cp(K, Ω) = inf{

∫
Ω
|∇ϕ|p : ϕ ∈ C∞

0 (Ω), ϕ ≥ 1 in some nbd of K}.

4 Definition of admissible class

Definition 4 (Admissible class in W 1,p∗

loc (Ω)) Let p∗ = max(1, p− 1). A function u ∈ W 1,p∗

loc (Ω) is said to be
admissible iff Au ∈ M(Ω) and there exists a sequence {un}∞n=1 ⊂ W 1,p

loc (Ω) ∩ L∞(Ω) s.t:

1. un → u a.e. in Ω, un → u in W 1,p∗

loc (Ω) as n → ∞.

2. Aun ∈ L1
loc(Ω) (n = 1, 2, · · · ) and

sup
n

|Aun|(ω) = sup
n

∫
ω

|Aun| < ∞ for every ω ⊂⊂ Ω. (6)

5 Some results on the admissibility

1. If u ∈ W 1,p∗

loc (Ω) is admissible =⇒ u+ = max[u, 0], u− = max[−u, 0], Tk(u) are admissible.

2. Tk(u) ∈ W 1,p
loc (Ω) for ∀k > 0. Moreover, given ω ⊂⊂ ω′ ⊂⊂ Ω, ∃C > 0 independent on u s.t∫

ω

|∇Tk(u)|p ≤ Ck

(∫
ω′

|∆pu| +
∫

ω′
|∇u|p−1

)

3. When p = 2 and A = ∆, u ∈ W 1,1
loc (Ω), ∆u ∈ M(Ω) =⇒ u is admissible.

4. u ∈ W 1,p
0 (Ω), Au ∈ M(Ω) =⇒ u is admissible.

6 Counter-example due to J.Serrin

Let Ω be a unit ball B1 = {x ∈ RN : |x| < 1}, and set

ai,j = δi,j + (a − 1)
xixj

r2
, (r = |x|), Bu =

N∑
j,k=1

∂

∂xj

(
aj,k(x)

∂u

∂xk

)
= 0. (7)

U(x) = x1r
−α, where α =

N

2
+

√(
N

2
− 1

)2

+
N − 1

a
. (8)

Proposition 1 Assume that a > 1. Then U ∈ W 1,1
loc (B1) and BU = 0 in D′(B1). But U is not admissible,

and B(U+) is not a Radon measure. (Note that If a > 1 =⇒ N − 1 < α < N . )

7 Main results and Applications

7.1 Improved Concave type inequality

Theorem 1 　
Assume u ∈ W 1,p∗

loc (Ω) and u is addmissible. If u ≥ 0 a.e. in Ω, then ∆p(Tk(u)) is a Radon measure for every
k > 0, and

∆p(Tk(u)) ≤ (∆pu)+. (9)
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7.2 Application to Strong Maximum Principle

Theorem 2 Assume u ∈ W 1,p∗

loc (Ω), u ≥ 0 a.e. and u is admissible. Then

1. There exists a quasicontinuous function ( w.r.t. Cp ) ũ : Ω 7→ R such that u = ũ a.e. in Ω.

2. Assume that −∆pu ≥ 0 in Ω in the sense of measures. If ũ = 0 on some K ⊂ Ω with Cp(K, Ω) > 0,
then u = 0 a.e. in Ω.

Remark 7.1 −∆pu can be replaced by −∆pu + auq, where 0 ≤ a ∈ L1
loc(Ω) and q ≥ p − 1.

7.3 Convex type Kato’s inequality

Theorem 3 Let Φ be a C1 convex function s.t 0 ≤ Φ′ < ∞. Assume u ∈ W 1,p∗

loc (Ω) and u is addmissible. Then

∆pΦ(u) ≥ Φ′(u)p−1(∆pu)d − ||Φ′||L∞(R)(∆pu)−c in D′(Ω). (10)

Corollary 1

∆p(u+) ≥ χ[u≥0](∆pu)d − (∆pu)−c in D′(Ω), (11)

∆p|u| ≥ sgn(u)(∆pu)d − |∆pu|c in D′(Ω). (12)

Example 1 u = |x|α for α = (p − N)/(p − 1) and 0 ∈ Ω.

1. u satisfies ∆pu = α|α|p−2cNδ, If p > 2 − 1/N , then |∇u| ∈ L1
loc(Ω) and u is addimible.

2. ∆p(u+) = χ[u≥0](∆pu)d − (∆pu)−c inD′(Ω).

7.4 Inverse maximum principle

Theorem 4 ( IMP ) Assume u ∈ W 1,p∗

loc (Ω),u ≥ 0 and u is admissible. Then we have

(−∆pu)c ≥ 0 on Ω. (13)

Corollary 2 Assume the same assumptions in Theorem 3. Then, (−∆p(u+))c = (−∆pu)+c on Ω.

Theorem 5 (Application of IMP) Suppose that u is admissible. Then suppµ±
c ⊂ {x : u = ±∞} for µ = −∆pu.

Remark 7.2 If u ∈ W 1,p∗

loc (Ω) is an admissible solution of of −∆pu = µ ∈ M(Ω), then u is also a (local)
renormalized solution of −∆pu = µ.

8 Existence of admissible solution
Theorem 6 Assumethat µ ∈ M(Ω) and |µ|(Ω) < ∞. Then−∆pu = µ, in Ω,

u = 0, on Ω.
(14)

has an admissible solution in W 1,p∗

0 (Ω).

Lemma 3 Let {µn} satisfy supn |µn|(Ω) < ∞ and {un} be admissible. Assume that−∆pun = µn, in Ω,

un = 0, on Ω.
(15)

holds for n ∈ N. Then, up to a subsequence, un → ∃u ∈ W 1,p∗

0 (Ω) s.t. u is admissible and satisfy (14) for ∃µ.
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[3] L. Boccardo, T. Gallouët, Nonlinear elliptic and parabolic equations involving measure deta, J. Funct.
Anal. vol. 87, 1989, 149-169
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